In this paper the path integral technique is applied to the quantum motion on the Hermitian hyperbolic space HH(2). The Schrödinger equation on this space separates in 12 coordinate systems which are closely related to the coordinate systems on the two-dimensional hyperboloid. For six coordinate systems out of the twelve it is possible to find a path integral solution.
Introduction
In the present paper the path integral method [7, 21, 32, 42] is applied to the Hermitian hyperbolic space HH (2) . This work is the continuation of the program to apply the path integral formalism to as many as possible quantum systems. In recent publications we have achieved path integral solutions of two-and three-dimensional flat space IR 2 and IR 3 , on the two-and three-dimensional sphere S (2) and S (2) , and the two-and three-dimensional hyperboloid Λ (2) and Λ (3) [14, 15] . Also some other specific cases were considered, like imaginary Lobachevsky Space [13] or hyperbolic spaces of rank one [11] . Whereas in some of these manifolds just spherical coordinates, or coordinates related to them, were used to evaluate the path integral, a systematic study was performed for spaces in two-and three dimensions with constant (zero, positive, or negative) curvature, i.e., Cartesian space, spheres and hyperboloids. As a general observation, it was possible to solve the path integral explicitly in coordinate systems which were non-parametric, e.g. spherical or parabolic coordinates. Parametric coordinate systems were more difficult to handle. Important examples of the solution of the path integral in a parametric coordinate system are elliptic and spheroidal coordinates in flat space [15, 21] and on spheres [16] . In these cases a theory of special functions, the elliptic and spheroidal functions, exists [36] . Some a these results could be applied by a heuristic analytic continuation to the three-dimensional hyperboloid.
Another motivation for studying a system in terms of separation in different coordinates systems is the property of coordinate systems that they represent different physical set-ups in scattering theory, e.g. Wehrhahn et al. [47] .
The comprehensive results of the evaluation of the path integral in spaces of two and threedimensions were possible because the number and form of the coordinate systems which allow separation of variables in the Helmholtz, respectively the Schrödinger equation, and therefore also for the path integral, are known. For the cases of flat (real or complex) spaces, spheres and hyperboloids this is known for a long time, e.g. [31, 37, 38, 39] . However, for other spaces this is in general not the case. A method how to construct and find coordinate systems on homogeneous spaces is known and has been applied for Minkowski spaces [26] and higher dimensional hyperbolic spaces [27] . Some of the corresponding path integrals evaluations were presented in [15] . A particular feature of the path integral solution (i.e. the integral kernel of the time-evolution operator) on spheres, flat space, and hyperboloids was, that the corresponding Green's function (i.e. the integral kernel of the resolvent operator) could be expressed in closed form: In flat space one obtains for the principal term a K-Bessel function (which in odd dimensions can be simplified to an exponentials times a power-term), on spheres one obtains a Legendre-function P µ ν (x) of the first kind (which in odd dimensions can be simplified to powers of trigonometric functions), and on hyperboloids one obtains a Legendre-function Q µ ν (z) of the second kind. In all these cases the Green's function depends only on the invariant distance d in the space in question. In flat space, this is the Euclidean distance d = d(|x − y|) (x, y ∈ IR D ), on the sphere it is the angle ψ({ϑ}) ({ϑ} spherical angles), and on hyperboloids it is the hyperbolic distance d(u ′′ , u ′ ) (u element of the hyperboloid). In more general cases of hyperbolic spaces, group theoretic tools can be used to derive integral representations [46] .
The Hermitian hyperbolic space HH(n) is defined by SU(n, 1)/S[U(1) × U(n)] (see e.g. Helgason [23] or Venkov [45] ). SU(n, 1) is the isometry group of HH(n) that leaves the Hermitian form invariant, and S[U(1) × U(n)] = SU(n, 1) [U(1) × U(n)] is an isotropy subgroup of the isometry group. For HH(2), Boyer et al. [2] found twelve coordinate systems which allow separation of variables in the Helmholtz, respectively the Schrödinger equation, and the path integral. In [2] , for example, mutually non-conjugate maximal Abelian subgroups of SU(2, 1) are used to construct separable coordinate systems. The special feature of the isotropy group is that it has four mutually non-conjugate maximal Abelian subgroups, which give rise to the fact that each of the separable coordinate systems has exactly two so-called ignorable coordinates [3] . Ignorable coordinates do not appear in the metric tensor explicitly, and in the corresponding quantum Hamiltonian they just give two-fold partial differentials, therefore they giving simple plane-waves or circular-waves as solutions of the Hamiltonian. The remaining two coordinates can be classified by means of the nine coordinate systems on the two-dimensional hyperboloid. Combining properly the sub-algebras yields twelve coordinate systems on HH(2) [2] . This will not be repeated here.
The present system is of interest due to the structure of the metric which has the form (−, +, . . . , +), i.e. it is of the Minkowski-type, and the Hamiltonian system under consideration is integrable and relativistic with non-trivial interaction after integrating out the ignorable variables [2] . This feature of constructing interaction, respectively potential forces, is also known from examples of quantum motion on other group spaces [1, 6, 8, 33] .
I do not want to go into the details of the construction of the Hermitian hyperbolic space HH(n) in general and for HH (2) in particular. Detailed information can be found in [2] The Hamiltonian for HH(2) has the form
and this information will be sufficient for our purposes.
In the following we present the twelve coordinate systems. As we will see, in six out of the twelve systems we can explicitly evaluate the path integral. We cannot find a path integral solution of the three parametric systems and the three parabolic systems. We find path integral solutions for the spherical, the three equidistant, and the two horicyclic coordinate systems. After the statement of the coordinate systems, the Hamiltonian is given (following [2] ) and then the metric tensor is extracted. Of course, well know path integral solutions come into play. The ignorable coordinates can be separated off in the path integrals by a two-dimensional Gaussian path integration. For the convenience of the reader, I briefly sketch the path integral definition which is used in this paper. An exact lattice definition of a path integral in a curved space is important, because different lattice definitions and their corresponding different ordering prescriptions in the quantum Hamiltonian must not be mixed up. In the Conclusions the results are summarised and discussed.
The Path Integral Solutions
The Spherical Coordinate System
The spherical coordinate system on HH(2) is given by
This gives for the Hamiltonian
with the quantities A(ω, β) and B(ω, β) given by
Therefore we obtain for the (inverse) metric tensor (g ab ):
Let us abbreviate
then it follows
(2.8) Therefore we can write the Lagrangian in the following from
From these ingredients we find for the momentum operators
12)
The quantum potential according to our ordering prescription is found to read
Starting from Eq.(2.2) we have extracted the corresponding metric tensor, therefore got also its inverse, and found the corresponding Lagrangian. In the path integral formalism this procedure corresponds from starting with the Hamiltonian path integral, and by integrating out the (Gaussian) momentum-path-integrations obtaining the Lagrangian path integral. This is always possible provided the Hamiltonian, respectively the Lagrangian, are not singular. It is in effect also the canonical method to construct the path Lagrangian integral by starting with a proper Hamiltonian operator and its corresponding classical Hamiltonian function. In this correspondence we have to take into account a proper ordering prescription of momentum and position operators in the Hamiltonian operator. However, this is a well-defined prescription which has been extensively worked out in [21] , where also a detailed overview of several ordering prescriptions and their differences, advantages and disadvantages was given.
We have all the ingredients to our disposal to set up the path integral in spherical coordinates on HH (2) . We obtain
This path integral is evaluated in the first step by means of a Fourier expansion according to
We make use of the general Gaussian integral (in D dimensions) dp e iq·p− 1 2
We see that we can separate the (ϕ 1 , ϕ 2 )-coordinates in the Lagrangian path integral. The corresponding quantum numbers (k 1 , k 2 ) yield via (2.18), respectively with g ab replaces by g ab , potential terms reflecting the corresponding terms in the Hamiltonian H (2.2) where the momenta (p ϕ 1 , p ϕ 2 ) are replaced by (−i k 1 , −i k 2 ). We obtain (by displaying explicitly the lattice definition in (ϕ 1 , ϕ 2 ))
The above path integral is first in the variable β a path integral for the Pöschl-Teller potential with a discrete spectrum and quantum number n, and second in the variable ω a path integral for the modified Pöschl-Teller potential with a continuous spectrum and the quantum number p. Therefore we can write down the complete solution as follows
with the wave-functions and the energy-spectrum given by
21)
(β) are the Pöschl-Teller functions, which are given by [1, 6, 8, 33 ]
The P 
The scattering states are given by:
, (2.28)
, where the correct sign depends on the boundaryconditions for r → 0 and r → ∞, respectively. The number N M denotes the maximal number of states with 0, 1, . . . , Note the zero-energy E 0 = 2 2 /m which is a characteristic feature for the quantum motion on an hyperbolic space [20] . It has also been observed in [46] in terms of spherical coordinates, where the wave-functions and the spectrum were found by solving the Schrödinger equation.
3 The Equidistant Coordinate Systems
Equidistant-I Coordinates
The first set of equidistant coordinates on HH (2) is given by
and we obtain for the metric terms
Similarly as for the spherical system we introduce 6) and its inverse ( g ab )
and the quantum potential according to our ordering prescription is found to read
From our line of reasoning of the spherical system, it is obvious that we can repeat the method to integrate out the ignorable coordinates (ϕ 1 , ϕ 2 ) by means of Gaussian integrations. We find
with the remaining path integral K k 1 k 2 (T ) given by
The path integration in τ 1 and τ 2 consists of two successive path integrations corresponding to two modified Pöschl-Teller potentials. In the τ 2 -path integration bound and continuous states are possible, which give rise to two expressions in the variable τ 1 (we set n τ 2 = (|k 1 +k 2 |−|k 1 |−2n−1)):
14)
Note that due to the potential trough in the variable τ 2 that there exist a number of bound states, labelled by n τ 2 with n τ 2 = 0, . . . M max , where M max < [
denotes the integer part of x). Because the maximum number of states in the τ 2 -system is limited by |k 2 |/2, there does not exist any bound states in the τ 1 -system. In the usual notation of the modified Pöschl-Teller functions we find the final solution in equidistant-I coordinates 16) with the wave-functions and the energy-spectrum given by
The spectrum is the same as in spherical system, as it should be.
Equidistant-II Coordinates
The second set of equidistant coordinates is given by 
Similarly as for the equidistant-I system, the quantum potential according to our ordering prescription is found to read
and it does not depend on τ 2 . We can therefore write down the path integral, again we separate off the ignorable coordinates (u, ϕ), and we obtain
with the path integral K kukϕ (T ) given by
The potential
is called hyperbolic barrier potential [40] . The corresponding path integral can be found in Ref. [12, 21] (and references therein) by means of the coordinate transformation
The discrete wave-functions have the form
32)
The continuous wave-functions are
with
2m . The emerging path integral in the variable τ 1 is of almost the same form as in the case of equidistant-I coordinates, only continuous states are allowed, c.f. the discussion after (3.15), and we find for the final solution:
The spectrum is the same as before, as it should be.
Equidistant-III Coordinates
The third set of equidistant coordinates is given by
We can therefore write down the path integral, again we separate off the ignorable coordinates (u, ϕ), and we obtain
This is a path integral which is related to the Morse potential, respectively to the oscillator-like potential on the hyperbolic plane [10, 21] (and references therein), where with respect to the variable τ 2 discrete and continuous states are allowed. We have
The Morse potential wave-functions have the form (
The bound states can only exits for k ϕ,ku > 0. Since max(n τ 2 ) ≤ |k ϕ |/2 (c.f. the discussion following (3.15)), only continuous states are allowed with respect to the variable τ 1 . Therefore we get finally, where E p is the same as in the previous equidistant systems:
This concludes the discussion of the three equidistant systems.
The Horicyclic Coordinate Systems

Horicyclic-I Coordinates
The first set of horicyclic coordinates is given by and we obtain for the metric terms Therefore we obtain for the path integral and Gaussian path integration in (u, ϕ)
with the remaining path integral K kukϕ (T ) given by n (z) denote Laguerre polynomials), and we have also performed the transformation q = ln y according to [21] . In particular, the path integral (4.7) is of the form called "oscillator-like" potential on the hyperbolic plane. The "oscillator-like" term reads k 2 u y 2 . The potential in r has the form
Due to the spectrum of the radial harmonic oscillator we see that |k u |(4n + 2|k ϕ | + 2) + 2k u k ϕ ≥ 0 and therefore only continuous states are allowed in (4.7) which is, of course, related to the Morse potential. Using the result of [21] we finally obtain the solution of the horicyclic-I coordinates on HH(2) as follows
with the wave-functions given by (we abbreviate E n = 2n + |k ϕ | + sign(k u )k ϕ + 1)
Horicyclic-II Coordinates
The second set of horicyclic coordinates is given by
This gives in the usual way for the Hamiltonian and for the metric terms
We can write down the path integral and separate off the u and z path integration by means of Gaussian integrations yielding
with the remaining path integral K kukz (T )
The Ψ n (x) are the wave-functions of the harmonic oscillator with frequency ω = 2 |k u |/m shifted by −k z /2k u and are given by
Therefore we obtain for the complete solution in horicyclic-II coordinates
This concludes the discussion.
The Remaining Coordinate Systems
In this section we enumerate the remaining six coordinates on HH (2) for completeness. Three of them are parametric coordinate systems. i.e. an additional parameter, say a, is given, which for instance describes the interfocal distance of an ellipse. We do not formulate the path integral, because these coordinate system are quite involved. The knowledge of the corresponding special functions which are solutions of the Helmholtz, respectively the Schrödinger equation, is very limited. There are also parabolic coordinates, where we formulate the path integral for the semicircular parabolic system, however, as for the parametric systems, the corresponding path integral cannot be solved.
The Parametric Coordinate Systems
We briefly sketch the three parametric coordinate systems. They are 1. [Elliptic-I Coordinates.] We have the following representation
2. [Elliptic-II Coordinates.] Elliptic-II coordinates are given by
with 1 < a ≤ ν, ̺ ≤ 0, and 0 < a − 1 ≤ 1.
[Semi-hyperbolic
Coordinates.] Semi-hyperbolic coordinates are given by
with ν < 0 < ̺, a = α + iβ (α, β ∈ IR).
We do not go into the details of these coordinate systems. Let us only mention that for the corresponding coordinate systems on the two-dimensional hyperboloid, from where the systems on HH (2) have their notion, the corresponding solutions of the Schrödinger equation are known as Lamé-Wagnerian functions, see [15, 28] for details.
The Elliptic-and Hyperbolic-Parabolic Coordinate Systems
For the last three coordinate systems we use a notation which differs from [2] and is more in accordance with our publications [15, 18, 19] . First we define the elliptic-parabolic coordinate system
The hyperbolic-parabolic coordinate system is given by
We introduce for the elliptic parabolic coordinate system [15, 18, 19] the new parameterisation ν = 1/ cosh 2 ω (ω ∈ IR), and
. In these coordinates we obtain for the Hamiltonian
The mixture of 1/ cosh 2 ω, cosh 2 ω and cosh 4 ω makes it impossible to evaluate the path integral representation. The case for the hyperbolic-parabolic is similar and left to the reader.
The Semicircular-Parabolic Coordinate System
The semicircular-parabolic coordinate system is given by
(5.8) Redefining ̺ = 2/ξ 2 (ξ > 0) and ν 2 = −2/η 2 (η > 0) we find
Although symmetric in ξ and η the involvement of quartic and sextic terms make any further evaluation impossible. There exist some attempts in the literature to treat such potential systems, and these studies go with the name "quasi-exactly solvable potentials" [44] . In fact, sextic oscillators with a centrifugal barrier and quartic hyperbolic and trigonometric can be considered. and they are very similar in their structure as for instance in (5.9). One can find particular solutions, provided the parameters in the quasi-exactly solvable potentials fulfil special conditions. Furthermore, well-defined expressions for the wave-functions and for the energy-spectrum can indeed be found if only quadratic, sextic, and a particular centrifugal term are present. The wave-functions then have the form of Ψ(x) ∝ P (x 4 ) × e −αx 4 , with a polynomial P . However, quasi-exactly solvable potentials have the feature that only a finite number of bound states can be calculated (usually the ground state and some excited states). Another important observation is due to Létourneau and Vinet [35] : They found quasi-exactly solvable potentials that emerge from dimensional reduction from two-and three-dimensional complex homogeneous spaces. The sextic potential in the Hamiltonian (5.9) is of that type. If we make a coordinate transformation from the "parabolic" coordinates (ξ, η) to the "Cartesian" coordinates (x, y) by means of x = 1 2 (ξ 2 − η 2 ), y = ξη (5.9) is transformed into the Hamiltonian (4.14) with y = e ̺ , and nothing new can be obtained. Actually, the potential in (4.14) is called "Holt-potential" in IR 2 , where it is maximally superintegrable, whereas its analogue in IR 3 is minimally superintegrable [17] . Furthermore, analogues on the two-dimensional [18] and on the tree-dimensional hyperboloid [19] exist which are separable in horicyclic and semi-circular parabolic coordinates, respectively, however only in horicyclic coordinates an analytic solution can be found. Therefore, we are not able to treat systems with the structure of (5.9) any further.
Superintegrable Potentials on the Two-Dimensional Hyperboloid
As has been pointed out by Kalnins, Miller, Hakobyan, and Pogosyan [30] the properties of the quantum motion on HH(2) have as a by-result that two potentials emerge which are superintegrable on the two-dimensional hyperboloid. These two potentials are
1)
The two-dimensional hyperboloid is characterised by u 2 0 − u 2 1 − u 2 2 = 1 with u 0 > 0. In (6.1) and (6.2) we have listed on the right hand side the coordinate systems which allowed separation of variables in the Schrödinger equation and the path integral. The underlined coordinate systems allow a complete path integral treatment of the potential in question. In elliptic-parabolic, hyperbolic-parabolic and semi-hyperbolic coordinates no explicit path integral solution is possible. In [30] explicit solutions for the two potential in all the separable coordinate systems were given in terms of power expansions (polynomials) in the respective coordinates, including interbasis expansions which relate one solution to another. However, only the bound states solutions were given. The equidistant coordinate system is given by
and the horicyclic system has the form
We consider the potential V 1 in equidistant and horicyclic and the potential V 2 in equidistant coordinates.
(Equidistant coordinates:) 
(Equidistant coordinates:)
With our results from sections 3 and 4 we can evaluate the corresponding path integrals. We see that the path integral for the potential V 1 in equidistant coordinates corresponds to the path integral (3.45), the path integral for the potential V 1 in horicyclic coordinates to the path integral (4.7), and the path integral for V 2 in equidistant in equidistant coordinates to the path integral (3.27) 1 . The principal difference between the set of the potentials V 1 and V 2 and the path integrals (3.45, 4.7, 3.27 ) is that we can choose freely the constants in the potentials, whereas in the path integrals (3.45, 4.7, 3.27 ) the couplings in the potentials are fixed and related to each other. This interrelation of the constants in the path integrals (3.45, 4.7, 3.27 ) has on the one hand side the consequence that the principal spectrum on HH(2) is always continuous with form (2.22) . This freedom of the choice of the couplings α, β, γ, and in particular γ (it lowers the potential trough due to its sign), has on the other hand the consequence that for the principal quantum number corresponding to, say, τ 1 or y, also a finite number of discrete states are allowed with the maximal number in V 1 given by N max < [
]. Therefore, in order to perform a path integral evaluation for V 1 and V 2 we have to take the path integrals (3.45, 4.7, 3.27) and replace the couplings accordingly. The scattering states for V 1 and V 2 follows immediately from our solutions. The discrete solutions can be obtained from the discrete spectrum of the modified Pöschl-Teller potential and the Morse potential, respectively, by inserting the couplings accordingly. In fact, only the bound state solutions of the sub-path integration give bound state solutions corresponding to the principal quantum number corresponding to, say, τ 1 or y. Because these bound state solutions have been presented in [30] in great detail, this will not be repeated here.
Discussion and Conclusion
In this paper we have successfully evaluated the path integral on the Hermitian space HH(2) by six coordinate variable out of twelve which separate the Schrödinger equation and the path integral formulation. In each case we could separate off the ignorable coordinates by a two-dimensional Gaussian path integration. The remaining problems had the structure of a path integral on the two-dimensional hyperboloid equipped with a potential. There occurred (modified) Pöschl-Teller potentials, a barrier potential, the Morse potential, and the (radial) harmonic oscillator. In some cases a part of the solutions contained in a sub-path integration (sub-group decomposition) a discrete and a continuous spectrum. However, the principal spectrum is always continuous and has the form
The zero-energy E 0 = 2 2 /m is a well-known feature of the quantum motion on a space of constant negative curvature. We summarise the results in the Table 1 . We have omitted the ignorable coordinates because they just give exponentials, and the term "Legendre functions" is used synonymously with "hypergeometric functions". In the three parametric (two elliptic and the semi-hyperbolic) and in the three parabolic coordinate systems no solution could be found. In the case of the elliptic systems this is due to our ignorance of a theory of special functions in terms of such coordinates, and in the case of the three parabolic coordinates solutions could not be found due to the high anharmonicity of the emerging potential problems.
We have observed that a free motion in some space (here with non-constant curvature, though constant sectional curvature) leads to potential-coupling after integrating out the ignorable coordinates, i.e. to interaction. This feature has been pointed out in [2] . Due to the structure of F (x, y) we also see that the metric is (−, +, . . . , +), i.e. it is of the Minkowski-type, and hence the Hamiltonian system under consideration is integrable and relativistic with non-trivial interaction. Choosing different coordinate systems yields different potential-interactions which are, however, all equivalent in the sense of quantum motion in HH (2) . Some were also identical and yield superintegrable potentials on the two-dimensional hyperboloid. The emerging of interaction after separating off ignorable coordinates of the free motion in an homogeneous space, is of course not restricted to the space HH (2) . In fact, also the path integral formulations of the Pöschl-Teller potential is due to path integration on the homogeneous space corresponding to SU (2) [1, 6, 33] and the path integral formulations of the modified Pöschl-Teller potential is due to path integration on the homogeneous space corresponding to SU(1, 1) [1, 8, 33] . The same is true for the radial harmonic oscillator, and an analogues consideration were done in [15, 16, 21] for a path integral identity involving spheroidal coordinates. The latter are in fact examples of the quantum motion in three-dimensional flat space IR 3 and on the three-dimensional sphere. We have therefore also shown that the path integral solutions on HH(2) gives path integral identities for potential problems, a property which is valid for every solution after performing the Gaussian path integration of the ignorable coordinates. In particular, it turns out that two such potentials, denoted by V 1 and V 2 are superintegrable potentials on the two-dimensional hyperboloid. The evaluation of the bound state solutions have been achieved for V 1 and V 2 in [30] , whereas our contribution yields also the scattering states.
The Hermitian hyperbolic space is closely related to the case of the quantum motion in hyperbolic spaces of rank one. A path integral discussion was performed in [11] , however restricted to a particular coordinate system only. In the space SU(n, 1)/S[U(1) × U(n)] we have for the metric
2) (z k = x k + iy k ∈ C (k = 2, . . . , n), x 1 ∈ IR, y > 0), with the hyperbolic distance given by
If we additionally introduce a set of polar coordinates, this space is a n-dimensional generalisation of HH(2) in terms of horicyclic-I coordinates z k = r k e iϕ k , (r k > 0, 0 ≤ ϕ k ≤ 2π, k = 2, . . . , n). If we set n = 2, we recover the present case of HH (2) . It is obvious that the higher the dimension the more separable coordinate systems can be found. As mentioned in [2] the case of HH (2) is rather special because all separable coordinate systems have exactly two ignorable and two nonignorable coordinates. This is due to the property of SU(2, 1) has four mutually non-conjugate maximal Abelian subgroups which are all two-dimensional. In [4] separable coordinate systems on general Hermitian hyperbolic spaces were considered with the number of ignorable coordinates equals to n = p+q−1. For the higher dimensional case we have thus a Hermitian hyperbolic space HH(3) with three ignorable coordinates and three non-ignorable coordinates, the coordinates on the three-dimensional hyperboloid. In the latter there are 34 of such systems which separate the Helmholtz, respectively the Schrödinger equation, and the path integral. Following [30] we can identify superintegrable potentials on the three-dimensional hyperboloid. One could also find a similar line of reasoning in [4] where the case of motion on the corresponding SU(2, 2)-hyperboloid was worked out. Here, the corresponding reduced space of the non-ignorable coordinates is the O(2, 2)-hyperboloid, where 75 coordinate systems could be identified [29] , and 11 different types of superintegrable potentials. These potentials were stated, but exact solutions of the corresponding Schrödinger equation were not worked out.
It would be also desirable to obtain a closed expression of the Green's function G(cosh d; E) on HH(2) (respectively on HH(n)) in terms of cosh d. Studies along these lines will be subject to future investigations.
In terms of the momentum operators (A.3) we can rewrite H by using a product according to g ab = h ac h cb [21] . Then we obtain for the Hamiltonian (A. arising from the specific lattice formulation (A.5) of the path integral or the ordering prescription for position and momentum operators in the quantum Hamiltonian, respectively. Here we have used the abbreviations ǫ = (t ′′ − t ′ )/N ≡ T /N , ∆q j = q j − q j−1 , q j = q(t ′ + jǫ) (t j = t ′ + ǫj, j = 0, . . . , N ) and we interpret the limit N → ∞ as equivalent to ǫ → 0, T fixed. The lattice representation can be obtained by exploiting the composition law of the time-evolution operator U = exp(−iHT / ), respectively its semi-group property.
